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Abstrat
We study non-invertible pieewise hyperboli maps in the plane.
The Hausdor dimension of the attrator is alulated in terms of the
Lyapunov exponents, provided that the map satises a transversality
ondition. Expliit examples of maps for whih this ondition holds
are given.
1 Introdution
A general lass of pieewise hyperboli maps was studied by Pesin in [10℄.
Pesin proved the existene of srb-measures and investigated their ergodi
properties. Results from Pesin's artile and Sataev's artile [11℄ are desribed
in Setion 3. The assumptions in [10℄ and [11℄ did not allow overlaps of the
images. Shmeling and Troubetzkoy extended in [12℄ the theory in [10℄ to
allow maps with overlaping images.
Using the results of Pesin and tehniques from Solomyak's paper [14℄, the
author of this paper proved in [8℄ and [9℄ that for two lasses of pieewise
ane hyperboli maps, there exists, for almost all parameters, an invariant
measure that is absolutely ontinuous with respet to Lebesgue measure,
provided that the map expands area. This result had previously been ob-
tained for fat baker's transformations by Alexander and Yorke in [1℄. The
main diulty that arises for the lass of maps in [9℄ is that in dierene
from the fat baker's transformation the symboli spae assoiated to the sys-
tems, hanges with the parameters, and also the srb-measure hanges in a
way that is hard to ontrol. By embedding all symboli spaes into a larger
spae it was possible get suient ontrol to prove the result.
Solomyak's proof in [14℄ uses a transversality property of power series.
The proofs in [8℄ and [9℄ uses that iterates of points an be written as power
series with suh a transversality property. For the possibility of writing
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iterates as power series, it is important that the diretions of ontration
is maped onto eah other throughout the manifold. The method in [8℄ and
[9℄ is therefore not good for proving similar results for more general maps.
It should also be noted that this method only gives results that holds for
almost every map, with respet to some parameter.
Tsujii studied in [15℄ a lass of area-expanding solenoidal attrators and
proved that generially these systems has an invariant measure that is ab-
solutely ontinuous with respet to Lebesgue measure. Tsujii also used a
transversality ondition, but in a dierent way. Instead of transversality of
power series, Tsujii used transversality of intersetions of iterates of urves.
This tehnique makes it possible to show the existene of an absolutely on-
tinuous invariant measure for a xed system, provided that the appropriate
transversality ondition is satised. Tsujii proved that this transversality
ondition is generially satised.
In this paper we will use this idea from Tsujii's artile [15℄ to prove a
formula for the dimension of the attrator for some pieewise hyperboli
maps in the plane, provided that a transversality ondition is satised. This
is done by an estimate of the dimension from below. This estimate oinsides
with a previously known estimate from above (see [5℄ and [12℄) and thereby
provide the following formula for the dimension:
dimH Λ = 1− χu
χs
,
where Λ denotes the attrator and χu and χs denote the positive and the
negative Lyapunov exponents. This formula has previously been proved by
Faloner in [5℄ and by Simon in [13℄, but for a muh smaller lass of systems.
Both Faloner and Simon onsidered maps that are sew-produts with the
underlying shift being a full shift on n symbols. These restritions are not
assumed in this paper. Hene, this paper generalises the results of Faloner
and Simon.
We will also need the assumption that the multipliity entropy is zero,
whih also is the ase in Faloner's and Simon's results. This seems often to
be the ase, and we provide a ondition whih guaranties that the multipliity
entropy is zero.
2 Outline of the Paper
In Setion 3 we present the general theory of pieewise hyperboli maps, that
will be used later in the paper. In Setion 4 we introdue a transversality
ondition. Under the assumption that this transversality ondition holds, a
theorem that estimates the dimension from below is stated in Setion 5. This
estimate gives the dimension formula. The theorem is proved in Setion 8
and Setion 7 ontains expliit examples of maps that satisfy the assumptions
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of this theorem. There are also examples that the dimension formula may
fail if the transversality ondition does not hold.
3 Pieewise Hyperboli Maps
There is a study of general pieewise hyperboli maps in Pesin's artile [10℄.
He studied maps of the following form.
Let M be a smooth Riemannian manifold with meti d, let K ⊂ M be
an open, bounded and onneted set and let N ⊂ K be a losed set in K.
The set N is alled the disontinuity set. Let f : K \N → K.
Put
K+ = {x ∈ K : fn(x) 6∈ N ∪ ∂K, n = 0, 1, 2, . . . },
D =
⋂
n∈N
fn(K+).
The attrator of f is the set Λ = D.
The maps studied in [10℄ were assumed to satisfy the following onditions.
f : K \N → f(K \N) is a C2-dieomorphism. (A1)
Let N+ = N ∪ ∂K and
N− = { y ∈ K : ∃zn ∈ K \N+, z ∈ N+
such that y = f(z), zn → z, f(zn)→ y }.
One might want to think of N− as the image of N+ although f is not dened
on N+. We an now formulate the seond and third assumption.
There exists C > 0 and α ≥ 0 suh that
‖d2xf‖ ≤ Cd(x,N+)−α, ∀x ∈ K \N,
‖d2x(f−1)‖ ≤ Cd(x,N−)−α, ∀x ∈ f(K \N).
(A2)
For ε > 0 and l = 1, 2, . . . let
D+ε,l = {x ∈ K+ : d(fn(x), N+) ≥ l−1e−εn, n ∈ N },
D−ε,l = {x ∈ Λ : d(f−n(x), N−) ≥ l−1e−εn, n ∈ N },
D0ε,l = D
+
ε,l ∩D−ε,l,
D0ε =
⋃
l≥1
(D+ε,l ∩D−ε,l).
The set D0ε is not empty for suiently small ε > 0. (Here
suiently small means so small that there are loal unstable
manifolds.)
(A3)
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The attrator is alled regular if (A3) is satised. For a given map, it is
usually not apperent whether the ondition (A3) is satised or not. There
exist however onditions that implies (A3) and are suh that it easily an
be heked if they hold true. These onditions are given in the end of this
setion.
There exists C > 0 and 0 < λ < 1 suh that for every x ∈
K \N+ there exists ones Cs(x), Cu(x) ⊂ TxM suh that the
angle between Cs(x) and Cu(x) is uniformly bounded away
from zero,
dxf(C
u(x)) ⊂ Cu(f(x)) ∀x ∈ K \N+,
dx(f
−1)(Cs(x)) ⊂ Cs(f−1(x)) ∀x ∈ f(K \N+),
and for any n > 0
‖dxfn(v)‖ ≥ Cλ−n‖v‖, ∀x ∈ K+, ∀v ∈ Cu(x),
‖dxf−n(v)‖ ≥ Cλ−n‖v‖, ∀x ∈ fn(K+), ∀v ∈ Cs(x).
(A4)
The last assumption makes it possible to dene stable and unstable man-
ifolds, W s(x) and W u(x) as well as loal ones for any x ∈ D0ε .
The ondition
There exists a point x ∈ D0ε and C, t, δ0 > 0 suh that for
any 0 < δ < δ0 and any n ≥ 0
νu(f−n(U(δ,N+))) < Cδt,
where νu is the measure on the loal unstable manifold of
x, indued by the Riemannian measure, and U(δ,N+) is an
open δ-neigbourhood of N+.
(A3
′
)
implies ondition (A3). Pesin proved the following theorem.
Theorem 1 (Pesin [10℄). Assume that f satises the assumptions (A1)
(A4) and (A3
′
). Then there exists an f -invariant measure µ suh that Λ an
be deomposed Λ =
⋃
i∈N Λi where
• Λi ∩ Λj = ∅, if i 6= j,
• µ(Λ0) = 0, µ(Λi) > 0 if i > 0,
• f(Λi) = Λi, f |Λi is ergodi,
• for i > 0 there exists ni > 0 suh that (fni |Λi , µ) is isomorphi to a
Bernoulli shift.
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The metri entropy satisfy
hµ(f) =
∫ ∑
χi(x) dµ(x),
where the sum is over the positive Lyapunov exponents χi(x).
The measure µ in Theorem 1 is alled srb-measure (or Gibbs u-measure).
For pieewise hyperboli maps the srb-measures are haraterised by the
property that their onditional measures on unstable manifolds are abso-
lutely ontinuous with respet to Lebesgue measure and the set of typial
points has positive Lebesgue measure.
For a somewhat smaller lass of maps Sataev proved in [11℄ that the er-
godi omponents of the srb-measure (the sets Λi in Theorem 1) are nitely
many.
3.1 Non-Invertible Pieewise Hyperboli Maps
The maps studied by Pesin and Sataev are all invertible on their images.
Shmeling and Troubetzkoy generalised in [12℄ the results of Pesin to non-
invertible maps: If
the set K \N an be deomposed into nitely many sets Ki
suh that f : Ki → f(Ki) an be extended to a dieomor-
phism from Ki to f(Ki)
(A5)
and f satises the assumptions (A2)(A4) and (A3′), then the statement of
Theorem 1 is still valid. Note that f(Ki)∩f(Kj) is allowed to be non-empty
so that f : K \ N → f(K \ N) is not a dieomorphism. Shmeling and
Troubetzkoy proved their result by lifting the map and the set K to a higher
dimension; Let Kˆ = K × [0, 1], Kˆi = Ki × [0, 1] and
fˆ |Ki : (x, t) 7→ (f(x), τ t+ i/p), i = 0, 1, . . . , p− 1,
where τ < 1 and p is the number of sets Ki. The map fˆ is then invertible if
τ is suiently small and then fˆ satises the assumptions of Theorem 1, in
partiular there is an srb-measure µˆ on the lifted set Kˆ. The projetion of
this measure to the set K was shown to be an srb-measure of the original
map f , in the sene that the set of typial points with respet to the projeted
measure has positive Lebesgue measure.
We will let Dˆ, Dˆ0ε,l, . . . denote the lifted variants of the orresponding
sets D, D0ε,l, . . .
It is often hard to hek whether (A3
′
) holds. It is proved in [12℄ that if
f satises (A2), (A4), (A5) and the assumptions (A6)(A8) below, then f
satises ondition (A3
′
), and hene also (A3).
The sets ∂K and N are unions of nitely many smooth urves
suh that the angle between these urves and the unstable
ones are bounded away from zero.
(A6)
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The one families Cu(x) and Cs(x) depends ontinuously on
x ∈ Ki and they an be extend ontinuously to the boundary.
(A7)
There is a natural number q suh that at most L singularity
urves of f q meet at any point, and aq > L+ 1 where
a = inf
x∈K\N
inf
v∈Cu(x)
|dxf(v)|
|v| .
(A8)
3.2 Multipliity entropy
The assumption (A8) implies that the multipliity entropy [2℄ is not larger
than log(L+1). We will need a stronger assumption (assumption (A9) below)
than (A8), namely that the multipliity entropy is zero. We will show that
this is satised under rather mild assumptions on the map. Let us start with
dening the multipliity entropy, and then give the assumption (A9).
Let K = {K1, . . . ,Kp} be the partion of K into sets on whih f is on-
tinuous, and let Kn be the orresponding partition for the map fn. Let kn
be the maximal numbers of elements of Kn that meet in one point. The
multiplity entropy hmult(f) is dened as
hmult(f) = lim sup
n→∞
1
n
log kn.
We an now give our next assumption.
hmult(f) = 0. (A9)
One might wounder how general this ondition is. The author of this paper
knows of no example of a map in dimension two, satisfying (A1)(A8), with
one positive and one negative Lyapunov exponent and suh that (A9) is not
satised. In Setion 6 we give suient onditions for the map to satisfy
(A9), and hene also (A8). These onditions are for instane satised by
Belykh maps. Hene Belykh maps have zero multipliity entropy.
For future use, we note that ondition (A9) implies that the topologial
entropy is equal to the entropy of the srb-measure. This follows by the
result of Kruglikov and Rypdal in [7℄, that htop ≤ χu + hmult (in the ase of
a map on the plane with one positiv and one negative Lyaponov exponent;
the statement in [7℄ is for any dimension).
4 A Transversality Condition
Let ε > 0 and 0 < δ < 1. We will say that an intersetion of two smooth
urves γ1 and γ2 is (ε, δ)-transversal if for any ball Bε of radius ε interseting
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both γ1 and γ2, there exist points x1 ∈ Bε ∩ γ1 and x2 ∈ Bε ∩ γ2 suh that
the following holds true. If d1 and d2 are the indued metris on γ1 and γ2
respetively, then the intersetion of the open sets
⋃
y∈γi∩Bε
B(y, δdi(xi, y)), i = 1, 2, (1)
is empty. The symbols B(x, r) denotes the open ball of radius r around x.
Note that if γ1 and γ2 interset (ε, δ)-transversal then the intersetion γ1∩γ2
an be empty.
Denition 1. We will say that a pieewise hyperboli system f : K \N → K
satises ondition (T) if
there exists numbers ε, δ > 0 suh that if γ1 and γ2 are two
smooth urves suh that every tangent lies in the unstable
one, and γ1 and γ2 are in dierent Ki, then the urves f(γ1)
and f(γ2) interset (ε, δ)-transversal.
(T)
5 Dimension of the Attrator
Consider a map f : K \ N → K ⊂ R2 that satises the onditions (A2),
(A4) and (A5)(A9). We denote by χs(x) < 0 < χu(x) the two Lyapunov
exponents at the point x if they exist. If Λ1 is an ergodi omponent of the
attrator, then the Lyapunov exponents are onstant almost everywhere with
respet to the srb-measure on Λ1, and we write χs(x) = χs and χu(x) = χu
for almost every x.
Theorem 2. Suppose that f : K \ N → K ⊂ R2 is a pieewise hyperboli
map that satises the onditions (T), (A2), (A4) and (A5)(A9). Let Λ1 be
an ergodi omponent of the attrator, whith one positive and one negative
Lyapunov exponent. Then the Hausdor dimension of Λ1 satises
dimH Λ1 ≥ min
{
2, 1− χu
χs
}
.
Theorem 2 is proved in Setion 8.
Note that in [12℄, it is proved that dimH Λ1 ≤ 1− χu/χs with equality if
and only if f restrited to Λ1 is almost everywhere invertible, meaning that
f is invertible on a set of full measure. Hene we get the following orollary.
Corollary 1. If the assumptions of Theorem 2 are satised then
dimH Λ1 = min
{
2, 1− χu
χs
}
,
and f is invertible almost everywhere on Λ1 if and only if χu + χs ≤ 0.
7
Remark 1. In ase the transverality ondition (T) is not satised we an
only give the trivial estimate dimH Λ1 ≥ 1. Indeed, the map f : [0, 1]2 →
[0, 1]2 dened by f : (x1, x2) 7→ (x1/2, 2x2 mod1) has the attrator Λ1 =
{ (x1, x2) : x1 = 0, 0 ≤ x1 < 1 }, and so dimH Λ1 = 1. Moreover, any map
satisfying the onditions (A2), (A4) and (A5)(A8) has an attrator Λ1 that
ontains urves of unstable manifolds. This implies that dimH Λ1 ≥ 1. So,
unless one impose an additional ondition, suh as (T), one an not get a
better estimate than dimH Λ1 ≥ 1.
Remark 2. It should be noted that if f satises the onditions in Theorem 2,
then so does any suiently small smooth perturbation of f .
6 Vanishing multipiity entropy
In this setion we give a ondition whih guaranties that the multipliity
entropy is zero.
Theorem 3. Let K,N ⊂ R2 where N is a union of smooth urves, and let
f : K \N → K satisfy onditions (A1)(A7). Assume that there is a family
of ones Cd(p, γ) ⊂ TpR2 where p is a point on a smooth urve γ ⊂ N , suh
that
Cd(p, γ) ∩ Cu(p) = {0} and df(Cd) ⊂ Cu. (2)
Then the multipliity entropy of f is zero.
Remark 3. The ondition Cd(p, γ)∩Cu(p) = {0} in Theorem 3 is nonsene
sine Cu(p) is not dened for p ∈ N . But Cu(p) depends ontinuously on
p ∈ Ki so the ondition should be understand as Cu(p) replaed by its limit
for eah Ki that meet p.
Proof. For simpliity, let us start with the ase that the urves of N do not
interset. Let p ∈ N . We will iterate p and see in how many piees a small
neigborhood U of p is ut by a urve in N that goes through fn(p). Of
oure, fn(p) is not dened but we will use this notation for simpliity, for
the olletion of aumulation points of fn(q), when q → p.
In the rst iterate U is ut through p in at most two piees, whih we
denote by U1 and U2 (or just U1 if U is not ut). In the next iterate, eah
of the piees U1 and U2 is ut throught f(p) in at most two piees. Denote
by U1,1 and U1,2 the piees of U1 and similarly for U2.
By the property (2), one of U1,1 and U1,2 lies in the one C
u(f2(p)) and no
iterate of this piee will be ut through fn(p) for any n. The same argument
holds for the piees U2,1 and U2,2. So we now have at most four piees of
whih at most two an be ut in future iterations. There is a piture of this
in Figure 1.
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UU1
U2
U1,1
U1,2
U2,1
U2,2
Cu
Cd
Illustration of ones
Figure 1: Illustration to the proof of Theorem 3. Note that U1,2 and U2,1
annot be ut throught f2(p) sine the slopes of the disontinuities are too
small.
By indution we get that after n iterates fn(U) onsists of at most 2n
piees. This shows that the multipliity entropy is zero.
The ase with N ontaining urves that ut eah other is similar. If at
most L urves meet in one point, we get that after n iterates, U onsists of
at most 2(L+1)n piees of whih at most two an be ut through fn(p).
7 An Example
In this setion we give an example of maps satifying the assumptions of
Theorem 2.
Let K = (−1, 1) × (−1, 1) be a square. Take −1 < k < 1 and let
N = { (x1, x2) ∈ K : x2 = kx1 } be the singularity set. Take ρ 6= 0 and let
ψ1 and ψ2 be two C
2
funtions, suh that |ψ′1|, |ψ′2| < ρψ < |ρ|/2. We take
parameters
1
2 < λ < 1, 1 < γ < 2, a1, a2, b1 and b2 suh that the map f
dened by
f(x1, x2) =
{
(λx1 + a1 + ρx2 + ψ1(x2), γx2 + b1) if x2 > kx1
(λx1 + a2 + ψ2(x2), γx2 + b2) if x2 > kx1
(3)
maps K \N into K. There is a piture of f in Figure 2.
The ase ρ 6= 0, k = ψ1 = ψ2 = 0 and γ = 2 is threated by Faloner in
[5℄. He proved that for almost all parameters γ and λ, the dimension satises
9
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✲
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Figure 2: A piture of f with ρ = 0.1, ψ1 = ψ2 = 0, γ = 1.8, λ = 0.3,
k = 0.1, a1 = a2 = 0 and −b1 = b2 = 0.8
dimH Λ = 1− log γ/ log λ. The ase k = 0 and γ = 2 is overed by Simon's
paper [13℄. He proved equality for all parameters. We prove that we have
equality for all parameters in also when k, ψ1 and ψ2 are not nessesarily
zero. More preisely, we use Theorem 2 to prove the following theorem.
Theorem 4. If a1, a2, −b1 = b2 = (γ − 1) and
(γ, λ, k, ρ) ∈ { (γ, λ, k, ρ) : γ > 2λ, ρ 6= 0 }
are numbers suh that f : K \N → K, then f : K \N → K dened by (3)
has an attrator Λ with dimension
dimH Λ = min
{
2, 1− log γ
log λ
}
. (4)
Let ψ1 = ψ2 = 0, 1 < γ < 2, 0 < λ < 1, a1 = a2 = 0 and b1 = −b2 =
1− γ. Then if ρ = 0, the attrator is Λ = { (x1, x2) : x1 = 0, |x2| ≤ γ − 1 },
and so dimH Λ = 1. If ρ 6= 0 and γ > 2λ then the dimension dimH Λ is given
by (4). The dimension an be made arbitrarily lose to 2 by hoosing λ lose
to 1. Then the dimension is bounded away from 1 for any ρ 6= 0 but the
dimension is 1 for ρ = 0.
Proof of Theorem 4. It is lear from Theorem 3 that f has zero multipliity
entropy if k 6= 0. If k = 0 then the multipliity entropy is trivialy zero.
We laim that if γ > 2λ and ρ 6= 0 then f satises ondition (T). Let us
prove this laim. It is lear that the one spanned by the vetors
( −ρψ
γ − λ, 1
)
and
(ρ+ ρψ
γ − λ , 1
)
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denes an unstable one family at any point of K \N . Denote this one by
Cu.
If σ1 ⊂ K ∩ {x2 > kx1} and σ2 ⊂ K ∩ {x2 < kx1} are two urves suh
that if v1 and v2 are two tangent vetors of the urves, then v1, v2 ∈ Cu.
The vetors v1 and v2 are mapped by dxf to
u1 =
[
λ ρ+ ψ1(x2)
0 γ
]
v1 and u2 =
[
λ ψ2(x2)
0 γ
]
v2
respetively. One heks that u1 is ontained in the one spanned by
(
−ρψ λ
γ(γ − λ) +
ρ− ρψ
γ
, 1
)
and
(
(ρ+ ρψ)
λ
γ(γ − λ) +
ρ+ ρψ
γ
, 1
)
and u2 is ontained in the one spanned by
(
−ρψ λ
γ(γ − λ) +
−ρψ
γ
, 1
)
and
(
(ρ+ ρψ)
λ
γ(γ − λ) +
ρψ
γ
, 1
)
The intersetion of these two ones is trivial if
−ρψ λ
γ(γ − λ) +
ρ− ρψ
γ
> (ρ+ ρψ)
λ
γ(γ − λ) +
ρψ
γ
,
or equivalently, if γ > 2λ. This proves the laim.
By Corollary 1 it now follows that
dimH Λ = 1− log γ
log λ
,
unless log γ + log λ > 0, in whih ase dimH Λ = 2.
Let us end this setion by onsidering the attrator of the map in Figure 2.
The dimension of the attrator is
dimH Λ = 1.488 . . .
There is a piture of the attrator Λ in Figure 3.
We may also onsider the dimension of Λ when γ = 1.8, λ = 0.5 and
k = 0.1. Then
dimH Λ = 1.848 . . .
A piture of this attrator is in Figure 4. Both pitures where drawn by
alulating the iterates of a small urve with tangents in the unstable ones.
8 Proof of Theorem 2
Assume that f satises ondition (T) with (ε0, δ)-intersetions. Let ε > 0.
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Figure 3: The attrator Λ of the map
in Figure 2.
Figure 4: The attrator Λ of the map
in Figure 2, but with λ = 0.5.
8.1 Coding of the system
Let fˆ be the lift of f as desribed in Setion 3.1 and let Λˆ denote the
attrator of fˆ . We start by introduing a oding of the system fˆ : Λˆ → Λˆ.
If xˆ ∈ Λˆ then there is a sequene sˆ(xˆ) = {ik}k∈Z suh that fˆk(xˆ) ∈ Kˆik
for every k ∈ Z. We let Σ = Σ(Λˆ) be the set of all suh sequenes, that is
Σ(Λˆ) = sˆ(Λˆ). Then there is an one-to-one orrespondane ρ : Σ → Dˆ ⊂ Λˆ,
dened in the natural way. Let pi : Kˆ → K be the projetion pi(x, y) = x.
Given a sequene a = {ai}i∈Z, we dene the ylinder set k[a]l by
k[a]l := { b = {bi}i∈Z ∈ Σ : bi = ai, ∀i = k, k + 1, . . . , l }.
The sets ρ(k[a]l) and pi(ρ(k[a]l)) will also be alled ylinders.
8.2 Images of urves
In this setion we make use of ondition (A9), that the multipliity entropy
is zero, to get some estimates.
For r ∈ N, we let Dr(ε) be the set of r-ylinders 0[a]r−1 suh that there
exists a point p ∈ 0[a]r−1 with
e(χu−ε)r ≤ ‖dp(f r)‖ ≤ e(χu+ε)r, ∀v ∈ Cu(p),
e(χs−ε)r ≤ ‖dp(f r)‖ ≤ e(χs+ε)r, ∀v ∈ Cs(p).
Let q, r ∈ N, l > 0 and let γ be a urve of length l with tangents in the
unstable ones. Let W0 = {γ}. We dene Wn indutively. If Wn−1 is a
olletion of urves, then we let Wn be the set of urves that are onneted
piees of length between l and 2l, ontained in the union of Dr and in some
f q(σ), σ ∈ Wn−1.
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Sine we require that the length of the urves in Wn are between l and
2l, the setWn might not be uniquely dened, sine there are several ways to
divide a urve of length larger than 2l into piees of length between l and 2l.
It is however not important how this is done, so we will not give a preise
denition of Wn.
Lemma 1. Let f : K \ N → K satisfy the onditions (A2), (A4), (A5)
(A9). For any ε > 0, there exist onstants C, q, r and l > 0, and a urve
γ with tangents in the unstable ones, suh that if N(n) denotes the number
of urves in Wn, then
C−1e(χu−ε)q(n−k) ≤ N(n)
N(k)
≤ Ce(χu+ε)q(n−k),
holds for all n ≥ k ≥ 1, and the derivatives of f q at a point p ∈ W ∈ Wn
satises
C−1e(χu−ε)qk‖v‖ ≤ ‖dp(f qk)(v)‖ ≤ Ce(χu+ε)qk‖v‖, ∀v ∈ Cu(p), (5)
C−1e(χs−ε)qk‖v‖ ≤ ‖dp(f qk)(v)‖ ≤ Ce(χs+ε)qk‖v‖, ∀v ∈ Cs(p). (6)
Proof. Sine the multipliity entropy is zero, we an take q large and l > 0
small, so that any urve of length l with tangents in the unstable one is ut
in at most eεq piees when mapped by f q.
Sine the Lebesgue measure of the omplement of the union of Dr van-
ishes as r →∞, we an hoose r large so that the Lebesgue measure of the
union of Dr is as lose to that of K as we like. Using property (A6), we see
that it is even possible to hoose r so large that the intersetion of the om-
plement of the union of Dr with any urve of length at least l with tangents
in the unstable one has as small one dimensional Lebesgue measure as we
like.
Hene by rst hoosing q and l, and then r depending on l, it is possible
to ahieve that the sums of the lengths of the urves in Wn satises
C0e
(χu−ε)qn ≤
∑
σ∈Wn
length (σ) ≤ C0e(χu+ε)qn,
where C0 is a onstant depending on f , q, l and r. This implies that the
number of urves in Wn satises the statement in the lemma.
8.3 Frostman's lemma
We dene a probability measure µn with support on ∪Wn by
µn =
1
N(n)
∑
W∈Wn
νW ,
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where νW denotes the normalised Lebesgue measure on the urve W , and
N(n) denotes the number of elements in Wn as in Lemma 1.
By taking a subsequene we an ahieve that µn onverges weakly to a
probability measure µ with support in Λ. This measure will not be invari-
ant, but its onditional measures on unstable manifold will be absolutely
ontinuous with respet to the orresponding onditional measures of the
srb-measure, almost surely.
We will use the following method, originating from Frostman [6℄, to es-
timate the dimension of Λ. If∫ ∫
dµ(x)dµ(y)
|x− y|s <∞,
then dimH Λ ≥ dimH suppµ ≥ s. For a proof of this, see Faloner's book [4℄.
Let M be a number. Then∫ ∫
min
{
M,
1
|x− y|s
}
dµn(x)dµn(y)
→
∫ ∫
min
{
M,
1
|x− y|s
}
dµ(x)dµ(y), as n→∞,
and∫ ∫
min
{
M,
1
|x− y|s
}
dµ(x)dµ(y)
→
∫ ∫
1
|x− y|s dµ(x)dµ(y), as M →∞.
We will therefore estimate
Es(n,M) =
∫ ∫
min
{
M,
1
|x− y|s
}
dµn(x)dµn(y).
It is lear that Es(n,M) ≤ M . By the denition of the measure µn we
immediately get that
Es(n,M) =
∑
W,V ∈Wn
1
N(n)2
∫ ∫
min
{
M,
1
|x− y|s
}
dνV (x)dνW (y). (7)
We rewrite (7) as
Es(n) = J1 + J2,
with
J1 =
∑
W∈Wn
1
N(n)2
∫ ∫
min
{
M,
1
|x− y|s
}
dνW (x)dνW (y),
J2 =
∑
W,V ∈Wn,
V 6=W
1
N(n)2
∫ ∫
min
{
M,
1
|x− y|s
}
dνV (x)dνW (y).
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To estimate J1 we note that∫ ∫
min
{
M,
1
|x− y|s
}
dνW (x)dνW (y) ≤M.
Hene
J1 ≤
∑
W∈Wn
M
N(n)2
=
M
N(n)
,
and so J1 → 0 as n→∞.
We will now estimate J2 and show that J2 is bounded as n→∞, provided
that s is suiently small.
Let m < n and W ∈ Wn. Then there is a unique α ∈ Wn−m suh that
W ⊂ f qm(α). LetW−m denote the setW−m ⊂ α suh thatW = f qm(W−m).
Fix m < n and take two dierent α and β in Wn−m suh that α−1 and
β−1 are in dierent ylinders. By ondition (T) this implies that α and
β interset (ε0, δ)-transversal. We will onsider all manifolds W and V in
Wn suh that W−m ⊂ α, V−m ⊂ β, and W−m and V−m are in the same
qm-ylinder, whih we denote by Sm(W−m). There is a piture of this in
Figure 5.
Note thatW and V interset if and only ifW−m and V−m interset, sine
W−m and V−m are in the same qm-ylinder. If W−m ⊂ α interset β, then
we estimate that
∑
V ∈Wn
V−m⊂β∩Sm(W−m)
∫ ∫
1
|x− y|s dνV (x)dνW (y) ≤ C1e
(χu−χs+2ε)(s−1)m, (8)
where C1 does not depend onW , α and β. Indeed, if m is large, then we may
assume that W−m and V−m ⊂ β ∩ Sm(W−m) are ontained in a ball of ra-
dius ε0, and so the manifolds f
qm(β) and W interset (ε0, C
2e(χu−χs+2ε)mδ)-
transversal and we an estimate that
∑
V ∈Wn
V−m⊂β∩Sm(W−m)
∫ ∫
1
|x− y|s dνV (x)dνW (y) ≤ C0
∫
γ1
∫
γ2
1
|x− y|s dxdy,
where γ1 and γ2 are the urves
γ1 = { (x1, x2) : x1 = 0, |x2| < diamK },
γ2 = { (x1, x2) : |x2| < l, x2 = C2e(χu−χs+2ε)mδx1 },
and C0 is a onstant, that depends only on the seond derivative of the map
and the onstants diamK and l. To prove (8), one easily heks that there
exists a onstant C1 suh that
C0
∫
γ1
∫
γ2
1
|x− y|s dxdy ≤ C1e
(χu−χs+2ε)(s−1)m.
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αβ
V
−m
W
−m
Bε0
Figure 5: A piture of intersetions of unstable manifolds. The pre-images
W−m and V−m are the thiker segments.
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We onsider now those manifolds W , suh that W−m ⊂ α does not
interset β. First, we onsider those V suh that W−m and V−m lies in
some ball Bε0 in the spirit of (T). If the distane between W−m and β is
d(W−m, β), then the distane between W and V ⊂ f qm(β) is larger than
C−1e(χs−ε)md(W−m, β) by (6). If we hoose the length l in the onstrution
of Wn suiently small, then we an approximate the integral by
∑
V ∈Wn
V−m⊂β∩Sm(W−m)
∫ ∫
1
|x− y|s dνV (x)dνW (y) ≤ l
−2
∫
γ1
∫
γ2
1
|x− y|s dxdy,
where γ1 and γ2 are two parallell line segments of length l and diamK, and
with distane d(W−m, β)/2. The last integral is estimated by
∫
γ1
∫
γ2
1
|x− y|s dxdy ≤
∫ ∞
−∞
1(√
x2 + (d(W−m, β)/2)2
)s dx
= 2se(χs−ε)(1−s)md(W−m, β)
1−s
∫ ∞
0
dx
(1 + x2)
s
2
,
and so
∑
V ∈Wn
V−m⊂β∩Sm(W−m)
∫ ∫
1
|x− y|s dνV (x)dνW (y)
≤ C2e(χs−ε)(1−s)md(W−m, β)1−s, (9)
for some onstant C2, provided that s > 1. In fat, one easily shows that
∫ ∞
0
dx
(1 + x2)
s
2
=
√
pi
2
Γ(s−12 )
Γ( s2 )
,
by the hange of variable t = 1
1+x2
and the observation that
√
pi
2
Γ(s−12 )
Γ( s2 )
=
1
2
Γ(12 )Γ(
s−1
2 )
Γ( s2 )
=
1
2
B(12 ,
s−1
2 ),
where B(x, y) = Γ(x)Γ(y)Γ(x+y) =
∫∞
0 t
x−1(1− t)y−1 dt is the beta funtion.
We over the intersetions of α and β by balls Bε0 . Sine K is a bounded
set the number of suh balls will always be less than some number NB .
Given a manifold W−m ⊂ α, either W−m interset one of these balls or lies
a distane of at least ε0 from eah of the intersetions of α and β.
If W−m lies in Bε0 , with distane dW−m from the enter of the ball, then
by property (T), the distane between W−m and V−m ⊂ β is at least δdW−m .
The manifolds W−m and V−m are subsets of the two larger manifolds α and
β (see Figure 5). On eah side of the intersetion of these larger manifolds
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(or the losest point in ase they do not interset) we an enumerate the
pairs W−m and V−m, suh that the distane from the enter of the ball Bε0
to the ith manifold W−m is inreasing. Sine two dierent W−m do not
interset, the distane from the enter of Bε0 to the ith manifold W−m is
at least i l
Ce(χu+ε)m
, sine the length of eah W−m is at least
l
Ce(χu+ε)m
by
(5). (We measure the distane along the large manifold ontaining all the
W−m.) This implies that the distane between the ith W−m and V−m ⊂ β is
at least δi l
Ce(χu+ε)m
and so the distane between the orresponding W and
V is at least C−2e(χs−ε)mδi l
e(χu+ε)m
. There are at most C3M(m) dierent
W−m in Bε0 , where C3 is a onstant that dependds on l and M(m) denotes
the number of qm-ylinders. By (8) and (9) we estimate that
∑
W−m⊂α∩Bε0 ,
V−m⊂β∩Sm(W−m)∩Bε0
∫ ∫
1
|x− y|s dνV (x)dνW (y)
< C1e
(χu−χs+2ε)(s−1)m + 2
C3M(m)∑
i=1
C2
(
C−2e(χs−ε)mδi
l0
e(χu+ε)m
)1−s
< C4e
(χu−χs+2ε)(s−1)mM(m)2−s. (10)
If we sum over the balls Bε0 needed to over the intersetion of α and β, we
get
∑
Bε0
∑
W−m⊂α∩Bε0 ,
V−m⊂β∩Sm(W−m)∩Bε0
∫ ∫
1
|x− y|s dνV (x)dνW (y)
< C5e
(χu−χs+2ε)(s−1)mM(m)2−s. (11)
For those W and V suh that W−m and V−m are not inside a ball Bε0
we have d(W,V ) > C−1e(χs−ε)mε0, and estimate by (9) that
∫ ∫
1
|x− y|s dνV (x)dνW (y)
≤ C2e(χs−ε)(1−s)mCs−1ε1−s0 = C6e(χs−ε)(1−s)m. (12)
The number of suh pairs W and V are at most some onstant C7 times the
number of qm-ylinders, denoted by M(m). We get by (11) and (12) that
∑
W,V ∈Wn,
W−m⊂α,
V−m⊂β
∫ ∫
1
|x− y|s dνV (x)dνW (y)
< C5e
(χu−χs+2ε)(s−1)mM(m)2−s + C6C7e
(χu−χs(s−1)+sε)mM(m). (13)
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We will now sum over all m, α and β, and write J2 as J2 = J3+J4, with
J3 =
n−1∑
m=0
∑
α,β∈Wn−m
α6=β
∑
W,V ∈Wn,
W−m⊂α,
V−m⊂β
∫∫
min
{
M, 1|x−y|s
}
dνV (x)dνW (y)
N(n)2
,
J4 =
n−1∑
m=0
∑
α∈Wn−m
∑
W,V ∈Wn,
W−m,V−m⊂α,
W−m 6=V−m
∫∫
min
{
M, 1|x−y|s
}
dνV (x)dνW (y)
N(n)2
.
Similarly as for J1 we obtain that J4 → 0 as n→∞. It remains to estimate
J3.
Using that there are N(n−m) dierent α and β, we get by (10) and (13)
that
J3 ≤
n−1∑
m=0
N(n−m)2C5e
(χu−χs+2ε)(s−1)qmM(m)2−s
N(n)2
+
n−1∑
m=0
N(n−m)2C6C7e
(χu−χs(s−1)+sε)qmM(m)
N(n)2
.
We now use that the topologial entropy is χu, and thus the number of
ylinders satisfy M(m) ≤ C6e(χu+ε)qm, for some onstant C6. This yields
J3 ≤ C8
n−1∑
m=0
N(n−m)2e(χu−χs(s−1)+sε)qm
N(n)2
,
for some onstant C8 that does not depend on n. By Lemma 1 we have
N(n−m)/N(n) ≤ Ce−(χu−ε)qm, so
J3 ≤ C8
n−1∑
m=0
e(−χu−χs(s−1)+sε)qm.
We onlude that J3 is bounded as a funtion of n provided that −χu −
(s− 1)χs + sε < 0 and s < 2 or equivalently
s < 1− χu − ε
χs − ε and s < 2. (14)
We have therefore obtained that, if s satises (14), then J1 and J2 =
J3 + J4 are bounded, and so the integral∫ ∫
min
{
M,
1
|x− y|s
}
dµ(x)dµ(y)
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is uniformly bounded and hene onverges as M →∞. This proves that
∫ ∫
1
|x− y|s dµ(x)dµ(y) <∞,
provided that (14) holds. Hene
dimH Λ ≥ min
{
2, 1− χu − ε
χs − ε
}
.
Let ε→ 0.
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